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Abstract
We consider a robust shortest path problem when the cost coefficient is a multiplication
of two uncertain parameters. We first show that the robust problem can be solved by a dual
variable enumeration with with shortest path problems as subproblems. We also propose a path
enumeration solution approach using a K-shortest paths finding algorithm that may be efficient
in many real cases. An application in hazardous materials transportation is discussed and the

solution methods are illustrated by numerical examples.
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1 Introduction

For a directed and weighted graph G(N, .A) we are interested in the following shortest path problem:

min > pijeijis (1)
ecA

where
Q = {a: : Z Tij — Z Tji = b, Vi € N, andxij € {0,1} V(Z,j) S .A}
(i,5)eA (ji)eA

The parameter b; has the following values:

1 if 4 =origin
bi =14 —1 if i =destination

0 otherwise

While the nonnegative cost parameters p;; and ¢;; appear as a multiplicative form in the objective
function, this nominal problem (1) can be solved as a regular shortest path problem when p;;
and ¢;; are known. The problem (1) arises in hazardous materials transportation where p;; and
ci; represent the accident probability and the accident consequence, respectively. However, the
solution methods proposed in this paper can be applied to any general model in the form of (1).
We will discuss an application to hazardous materials transportation in Section 6.

In many realistic cases, however, accurate estimates of the parameters p;; and ¢;; may be
unavailable. When only one of the parameters p;; and c¢;; is unknown and its values are given as
a set of uncertainty, a general form of robust shortest path problems reported in the literature
(Bertsimas and Sim, 2004, 2003; Chaerani et al., 2005; Kouvelis and Yu, 1996) minimizes the worst
case cost as follows:

T

minmax ¢’ x (2)
xeQ ¢eC

where C is the set of possible realizations of the uncertain cost parameter ¢. The problem (2)

minimizes the worst-case path cost under the set of uncertainty C. When C is a box-constrained set



or a budgeted box-constrained set, the problem (2) can be solved in polynomial time (Bertsimas
and Sim, 2003). On the other hand, when C is an ellipsoid (Bertsimas and Sim, 2004; Chaerani
et al., 2005) or a set of scenarios (Kouvelis and Yu, 1996), the problem (2) becomes NP-hard in
general.

In this paper, we consider a class of robust shortest path problems, when the cost coefficient is
a multiplication of two uncertain values. In such problems, the worst-case path cost can become
bigger than when the multiplication of two uncertain parameters is considered as a single uncertain
coefficient. In particular, we consider the uncertain parameters p;; and ¢;; represented in the

following budgeted box-constrained uncertainty set:

Dij = Dij + QijUij

Cij = Cij + dijvij
where

w; € U = {u:() Sup <1V(,5), Y ug < Fu}
(i-f)

v €V = {v :0<w; <1 VY(4,7), ZUU < FU}
)
and T, and T', are positive integers. This structure extends Bertsimas and Sim (2003). The
parameters I', and ', are called the budget of uncertainty and represent the risk attitude of
decision makers: the larger the budget of uncertainty is, the more risk-averse the decision maker
is.

We show that the above robust shortest path problem with two uncertain coefficients can be
solved by a method based on dual variable enumeration and regular shortest path problems. We
provide another algorithm based on enumeration that uses a K-shortest path finding algorithm
whose worst-case complexity is exponential, but may be efficient in real cases. We find an applica-
tion in hazardous materials transportation to find the safest path and illustrate the algorithms by

numerical examples.



2 The Robust Problem

In this paper, we consider a robust optimization model of the form:

PR ey 2P i)+ ) ®
Z7j

= min E DijCijTij + 1max (Gijcijmijuij + pijdijTijvij + qijdijTijuijvij)
e ) uEU,vEV(‘ 5
1,] 2v)

We note that the inner maximization problem is a disjoint bilinear program (DBP) for any given
x. Although the problem is not a convex optimization problem, an optimal solution exists at an
extreme point (Floudas and Visweswaran, 1994). While DBP is NP-hard in general (Vicente et al.,
1992), this special case can be solved efficiently with transformation to a linear program. The inner
problem is equivalent to: for any x

max > (qijcijijui; + pijdigivij + i digrigwi;) (4)

UV,W

)

subject to

uij <1 (pij)
vi; <1 (pig)
—uij +wi; <0 (i)
—vij +wig <0 (i)

(3,5)

Z (%% <Tr, (011)
(4,9)

Uij, Vij, wij > 0

When I', and T', are positive integers, we can easily show that the polytope defined by the
constraints of problem (4) is integral. Therefore, the optimal u, v and w are binary, given that ',

and I';, are positive integers.



Let us consider the dual problem of problem (4) with the corresponding dual variables in

parentheses:

min Fueu + Pvev + Z(pij + ﬂij)
0w, 00,015,143 ,Mi§,Tij (@)

subject to

pij = Mij + Ou = GijCijTi
i — Tij + 0 = pijdijag;
Nij + Tij = Qijdijs

Pijs Wijs Mijs Wiy Ous 0y > 0

Using strong duality, we can write the robust optimization problem (3) as:

minI",0, + 1,0, + Z(pijcijfvzj + pij + Lij)
(4,9)

subject to

x e
Pij — Nij + O0u > qijcijxij
Mij — Tij + Oy > pijdijxi
Nij + Tij = GijdijTij

p’ij?,uija’r]ijaﬂij79’lu€v > 0

()

(10)

which is a mixed integer linear program (MILP). It has been shown that the problem (3) can be

solved by solving a finite number of shortest path problems when either I, or ', is zero (Bertsimas

and Sim, 2003).

2.1 Comparison with the Existing Approach

We can compare the robust problem (3) with the regular approach (Bertsimas and Sim, 2003)

considering a single uncertain cost vector. Let us define the single uncertain cost vector m;; = p;;c;;



so that

mij € [pijcij, (Pij + qij) (cij + dij)] = [mij, mij + nij] (11)

In addition we define 2YV(I',T',) to denote the optimal objective function value of the proposed
approach in (3) with budgets of uncertainty I, and I, and zW(Fw) to denote the optimal objective
function value of the regular approach with the single uncertain cost vector in (11) with the single
budget of uncertainty I',,. That is,

ZUV(FU, Fv) = min max (pz'j + qijuij)(cij + d,;jvij)xij

r€Q uel,veV 4—
(4,9)

W .
2" (D) = gnelgll gle% ; 4)(mij + Nijwij ) Tij
27]

where

W = {w 10<wi; <1 V(i) Y wi < rw}
(i)

When the regular approach is used, a challenge is how to determine the budget I'y,. Determining
I'y, and I';, is easier, because we could directly observe the data source for each data type to determine
the budgets of uncertainty. On the other hand, the new single parameter m is manipulated after data
collection. Therefore, it is not obvious how we should determine how uncertain the new manipulated
data is. We may determine I',, = ', = T'y; then we always have zV(I',,) < 2YV(T',,T,). That
is, the worst-case may not be captured by the regular approach; therefore, we need the proposed
approach to consider the real worst-case even in the special case. We further provide the following

results without proof:

Lemma 1. Depending on the budgets of uncertainty, we can compare the proposed approach with

the regular approach (Bertsimas and Sim, 2003) as follows:
1. If Ty, =Ty =T, we always have 2"V (T',,) < 2YV(',,T,).
2. If T, < max(Ty,T), we always have 2V (I',,) < 2UV(T,,T,).
3. If I, = Ty + Ty, we always have 2V (I',,) > 2UVV(T,,T,).

In the second case of Lemma 1, one would determine I'}, at the maximum budget of I';, and

I',, but the worst-case still cannot be captured with the regular approach. Setting I'y, = I'y, +



I', as in the third case would capture the worst-case with the regular approach, but in general
it leads to unnecessarily conservative results. Therefore, one may choose I',, in the interval of
[max(T'y,T',), 'y + T'y], but a proper choice is ambiguous to make. Therefore, to capture the
real worst-case in two multiplicative uncertain coefficient cases, the regular approach proposed by
Bertsimas and Sim (2003) is hardly justified, and the proposed approach considering two separate
uncertainties should be used. We further discuss the justification of the robust model proposed in

this paper later.

3 A Dual Variable Enumeration Approach

In this section, we present a dual variable enumeration method. First, we will represent the solution

of (5)-(9) in terms of 6, and x. We first observe that there exists an optimal solution such that

Nij + Tij = QijdijTij V(i,j) € A (12)

for any given . This is because minimizing n;; and m;; as much as possible may lead to smaller
values of 0, p;; and p;; which decrease the objective function value, and 7;; and ;; are not present

in the objective function. Therefore there exists an optimal solution such that

0 < nij < qijdijxij

0 < mij < qijdijri;

for all (i,j) € A and we can determine n;; and m;; by some allocation of ¢;;d;jx;; between 7;; and
m;; such that other constraints are satisfied.

Now suppose that 6, and 6, are fixed. Then we can write the constraints (6) and (7) as

pij = max(q;;cijij — Ou + 1ij,0)

pij = max(pijdiji; — by + 7ij, 0)

Increasing 7;; and m;; may increase p;; and p;; and consequently increase the objective function

value. Therefore, we need to find a way to allocate g;;d;;x;; to 7;; and m;; without increasing the



objective function value. We observe that, if ¢;jc;jz;; — 6, < 0 for some (i, j) € A, we can increase
7;; without increasing p;;. Therefore, an optimal solution in this case is to allocate g;;d;;z;; to n;;
as much as we can, that is, until g;jc;jz;; — 0, + 1;; = 0. We can apply a similar argument to f;;
and m;;. On the other hand, if ¢;;c;;z;; — 6, > 0 and p;;d;jx;; — 0, > 0, then any allocation to n;;
and 7;; will have the same impact to the objective function value, since the cost coefficients of p;;
and p;; are identical.

From the above observations, we can consider the following optimal allocation rules for 7;; and

m;; when 0, and 0, are fixed:
Case 1. For (i,7) € A such that
qijCijTij — 0y >0
pijdijTij — 0y > 0
any combination of 7;; > 0 and m;; > 0 such that n;; + m;; = g;;d;;24; is optimal.
Case 2. For (i,7) € A such that

QijCijTij — 0, <0

pijdijxi; — by = 0

we can first allocate some of ¢;;d;jx;; to n;; until g;jci52:; — 0, + 1;; = 0 in advance, and
then allocate any remaining amount to 7;; and m;; by any combination. For example, we can

consider Nij = qijdijxij and T = 0.

Case 3. For (i,j) € A such that

ijCijij — 0u 2 0

pijdija:ij — 91, <0

we can first allocate some of ¢;;d;;z;; to m;; until p;;d;jx;; — 0, + m; = 0 in advance, and

then allocate any remaining amount to 7;; and m;; by any combination. For example, we can



consider m;; = ¢;jd;jz;j and n;; = 0.

Case 4. For (i,j) € A such that

qijCijTij — 0, <0

pijdija:ij — 91, <0

we can first allocate some of ¢;;d;;jx;; to n;; until g;;c;jxi; — 0y + n;; = 0, and then allocate
any remaining amount to m;; until p;;d;;z;; — 0, + m;; = 0. If there is any remaining amount,

we can allocate additionally to 7;; and m;; by any combination.

Using the above optimal allocation rules, we can obtain an optimal solution for given 6, and 6,,.
From Cases 3 and 4, when p;;d;jz;; — 6, < 0, we can consider allocating min(g;;jd;;x;j, 6y —pijdi;xi;)
to m;; without worrying about 7;;. From Cases 1 and 2, when p;;d;;x;; — 6, > 0, we can simply put

m;j = 0. Therefore, an optimal allocation to m;; is

7T¢j = min(qijdijxij, max(&u — pijdijl'ij, 0)) (13)

for all (i,j) € A and any given 6, > 0. Using the condition (12), we have the corresponding

allocation to 7;; as

Nij = QijdijTij — min(g;jd;;xi;, max(0, — pijdijij,0)) (14)

for all (4,j) € A and any given 6, > 0. Note that the expression (14) is not dependent on 6,,.

From (13) and (14), we can now determine p;; and p;; as follows:

pij = HlaX(qZ‘jCijxij — ‘9u + Mij, 0)
= max(q;jcijTij + ¢ijdijri; — min(q;jd;jzi;, max(0, — pijdijzij, 0)) — 0y, 0)

= max(pijdijxij + min(qijdij:r,-j, max(@v — pijdijxij, 0)) — 91,, 0)

We can express p;; + fi; as a function of z;; with cost coefficients dependent on 6,, and 6,,.



Lemma 2. The sum p;; + p;; can be expressed as follows:

;

0 . xij

if 0, > qijcij, 0v > pijdi; + qijdij

or pijdij < 0y < pijdij + qijdij, Ou + 0y = pijdij + Gijcij + qijdi;
(qijcij — Ou)wij if 0, < gijcij, 0u > pijdij + qijdij

pij + Wi =
(pijdij + qijcij + qijdij — Ou — Ov)zij
if pijdij < 0y < pijdij + qijdij, Ou+ 0y < pijdij + qijcij + qijdi;

or 0y < qijcij + qijdij, 0, < pijdi;

(pijdij — 0y)xij if 0y, > qijcij + qijdij, 0y < pijd;j

\

for each (i,j) € A and all 6, > 0 and 6, > 0.

Proof. For the simplicity of notation, we drop the subscript ¢j and let ¢y = pc, ¢ = pd, ca = qc,

c3 = qd. We obtain

= max[cix — 0, + min{czzr, max (0, — c1z,0)}, 0]

= max[min{(c¢; + ¢3)z — 6,, max(ciz — 6,,0)},0]
max(max(cix — 6,,0)},0] if (¢1 +e3)x — 60, >0
max[(c1 + ¢3)x — 0,,0] if (c1+e¢3)r—0,<0
max(ciz — 6,,0) if (c1 +c3)x —6, >0

0 if (c1+e3)r—0,<0

10



;

cix—0, ifcix—0,>0

=450 if —e3<ciz—06,<0

0 if iz —0, < —c3
\

= max(c1z — 6,,0)

= max(c; — 0,,0)x

where the last equality is due to the binarity of . Again using the binarity of x, we can express p

as follows:

p = max|(ce + ¢3)x — 0, — min{csz, max (0, — c1x,0)}, 0]

= max[(c2 + ¢3) — 0, — min{c3, max(6, — ¢1,0)},0]x

For three intervals of 6,,, we obtain the following expressions of p:

;

max(cg — 6y, 0) if 0, > c1+c3

p = maX(Cl+CQ+03—9u—9U,O) ife; <60, <c¢1+c3

max(cg + ¢z — 0y, 0) if6, <
Therefore, we obtain the lemma. O

Lemma 2 means that we can obtain an optimal solution to (10) by solving a nominal shortest
path problem when 6, and 6, are given.

Figure 1 illustrates how the value of p;; + p;; varies according to Lemma 2 in each region of
(0u,0,) for each (i,7) € A. We observe that in each shaded region of (6,6,), the cost coefficient
of x;; in p;; + p;; becomes a linear function of 6, and 6,. We extend this observation to all links
in A.

Let {aj} be the ordered sequence of ¢;jc;j +¢ijdi; and gj;c;; for all (4, j) € A and 0, which is the
set of 0,-values where nonlinearlity occurs in p;; + ;5. Similarly, let {b;} be the ordered sequence
of pijdi; and pi;di; + ¢ijd;; for all (i,7) € A and 0, for such 6,-values. Let {f,,} be the ordered

sequence of p;;d;j + gijcij + qijdi; for all (4,5) € A and 0 , for such (6, + 6,)-values.

11



Pijdij + ijCij fo-=---------------o-o oo
+4ijdij AN
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pijdij |-
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(pijdij — Ov)xij
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> I
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I
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\\

ijCij Gijcij + qijdi;  Pijdij + qicij
+qijdi;

Figure 1: The value of p;j + p;; for each interval of (6,,6,) for each link (i,j) € A

We consider the following problem:

Ziim = min Tofy + Toby + Y (pijcijas + pij + iij) (15)
Z,0u,0v
(4,49)
subject to
x €N (16)
ap < 0y < aggq (17)
by <0, < by (18)
fm <6y + 0, if fin € |ag + by, agy1 + big1] (19)
fmt1 20w+ 0, if frng1 € [ag + by agr + biga] (20)

We note that within the (6,,6,)-space defined by (17)-(20) for each tuple (k,l,m), the cost coef-

ficient of x becomes linear in 6, and 6, for all links (¢,j) € A and for all . Therefore, for the

12



ak fm Ak+1 fm+1

Figure 2: An illustration of decomposed feasible (6., 6, )-space on the mesh

problem Zj;,,, we always obtain a solution at an extreme point of the feasible space defined by
(17)-(20). This idea is represented in Figure 2. For the feasible region Ay, defined by (17)-(20)
in Figure 2, we know one of the six extreme points is a solution of the problem (15). Therefore, we
can solve the problem (15) by examining those six points; for each point, the problem is a regular
shortest-path problem.

If we extend this idea to the entire (6,, 0, )-space, we know that we can solve the robust shortest

path problem by examining the following points:
e intersections of 0, = {ax} and 0, = {b;}
e intersections of 6, = {ax} and 0, + 0, = {fi}
e intersections of 6, = {b;} and 0, + 6, = {fm}

Accordingly, we define the following three sets of (6,,6s):

0, = {(91“9@) 10y € {0} U{gijcij + ¢ijdij, gijcij « (i,)) € A},

0y € {0} U {pijdij, pijdij + qijdij : (i,7) € A}}

13



O = {(queu) 20y € {0} U{qijcij + @ijdij, qijcij : (i,5) € A},

0, + 06, € {O} U {pijdi]‘ + qijcij + qijdij : (Z,j) S .A}, 0, > 0}

O3 = {(91“9@) 0y € {0} U{pijdij, pijdij + qijdsj : (4,7) € A},

O + 6, € {0} U {pijdij + qijcij + qijdij = (i,7) € A}, 6y > 0}

We obtain the following theorem:

Theorem 1. Let us define the following problem with an arbitrary constraint set ©:

Z(0©) = xegvggjgv)ee Lybu + Ty0, + (Z)(pz'jcz'j%j + pij + ij) (21)
Z?]

Then the robust shortest path problem (3) is equivalent to the following problem:
Z* =min{Z(0©1),Z(02), Z(03)} (22)

Now we obtain the computational complexity of (22).

Theorem 2. The computational complexity of (22) is O(|]N|%) and the number of shortest-path
problems to be solved is O(|NV]).

Proof. First we note that the sizes of feasible sets are
©1] =O(A]%),  |02] = O(lAP),  |©s] = O(A]%)

When we consider |A| = O(N?), the number of shortest path problems we need solve to obtain Z*
is O(|V]*). Since the complexity of Dijkstra’s algorithm is O(|N|?), the computational complexity
of (22) is O(JN|%). Since there are other algorithms with better worst-case complexity (Ahuja et al.,

1990), this provides the upper bound. O

Obviously, the number of shortest-path problems to be solved in this method is significantly

14



less than in the full primal variable (u and v) enumeration for which it is

AN (A
Ly Ly
which is 1.0651 x 10%° when |A| = 150, I', = 4, and T', = 8. In the same network, the dual variable

enumeration method solves 151,148 shortest path problems (see Section 6.1).

4 A Path Enumeration Approach

In this section, we provide another algorithm whose worst-case complexity is exponential, but may
be efficient in many real cases. Let us denote the nominal shortest path by [y and its corresponding

objective function value and z-value by z; and z!, respectively. That is,

: 1
z1 = gnelgrzlzpijcijfﬁj = Zpijcijl'z‘j (23)
The corresponding maximum possible path cost is obtained by

R 1
2zt — max QiU C+d'l){13
U= el sy (pij + @ijuij)(ci; i50ij) ij

which can be solved as a linear program; see (4). Similarly, we define z; and z,f for any path [j.

Then, we note that the following relationship holds:

The objective of the robust problem is to find a path I, that attains 2% = ming, cp z,f. After solving

the nominal shortest path problem (23), we know

zf<zf

Therefore, any path [ whose nominal path cost is greater than z,? is not a solution to the robust

problem, because for such path I, we have zF < zf{ <z < z,f.

Let us now define the set of all paths whose nominal objective function value (zj) is less than

15



or equals to 21

Pe={l1,la,-- ., ljp,|}

We know that the set P. contains the robust path. Therefore, once we have the set P., computing
z,f for all paths in the set requires solving |P.| linear programs, whose dimension is as small as
three times the number of arcs contained in each path [j.

To determine the set P., we can use any K-shortest paths finding algorithm that provides paths
in the ascending order of path length and allows termination at any point when the path length
exceeds a certain value. Therefore the complexity of finding the set P. depends on the size of the
set and the complexity of finding K-shortest paths. For example, we can use Yen’s algorithm (Yen,
1971) whose complexity is O(K|N|(JA| + |N]|log |[N1)). However, the number K for our algorithm
is unknown a priori, and in the worst case K is equal to the number of all available paths; therefore
the worst case complexity becomes exponential.

We can further reduce the computational effort by stopping the algorithm as soon as the nominal
path cost exceeds the minimum value of z,]j among the paths found so far. That is, when we
construct the set P., we update the reference cost value by the current value of min,ep, 2B The

algorithm is summarized as follows:

Step 0. Find the nominal shortest path I; by solving a shortest path problem, and obtain the worst-
case path cost 25 by solving the 3|l1|-dimensional linear program of the form (4). Set k = 1,

=2 and I* = 13.

Step 1. Find the next best nominal shortest path 41 with 2,41 < 2. If no such path exists, stop.

[* is the optimal robust path.

Step 2. Obtain the worst-path cost zfﬂ by solving the 3|l;41|-dimensional linear program of the form

(4). If z,ﬁ_l < 2 then set 2% = z,ﬁl and [* = [;11. Set k =k + 1. Go to Step 1 and repeat.

5 An Abstract Example

In this section, we provide an example application of the proposed robust method on an abstract

network presented in Figure 3. The test network consists of 15 nodes and 33 links with randomly

16
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Figure 3: An abstract test network with 15 nodes and 33 links.

generated cost coefficients in Table 1. In addition, we used Node 1 and Node 15 as origin and
destination, respectively.

We intend to compare the performance of the nominal shortest path, the robust shortest path
by the Bertsimas-Sim (B-S) model (Bertsimas and Sim, 2003) with a single cost vector, and the
robust shortest path proposed in this paper. We used I';, = 2 and I', = 3 for the proposed model,
and we tested both I' = 2 and I' = 3 for the B-S robust model.

Table 1: Cost coefficients used for the test network

7)) | vy cij @ dij | (6.9) | vy i ay di
(1,4 | 1 67 11 32| (7,11) | 85 95 40 37
(1,2) | 97 67 34 44| (7,12) | 85 24 34 27
(2,4) | 28 44 48 4| (87 | 23 59 30 45
(2,3) 70 81 3 16 (8,10) 42 39 26 47
(2,5) | 74 57 10 30| (8,12) | 42 72 46 44
(2,6) 23 4 34 41 (9,10) 14 65 32 33
(3,9 | 37 71 50 20| (9,11) | 72 85 29 42
3,8) | 96 0 8 24 (10,13)| 62 68 33 49
(3,6) | 24 13 46 38| (10,14) | 100 20 30 34
3,7) | 46 77 32 6| (11,14)| 45 58 35 14
(4, 3) 59 82 33 21 (11, 15) 46 49 35 31
4,9 | 77 73 19 42| (11,13)| 89 39 44 15
(4, 8) 56 44 14 30 (12, 15) 22 27 37 44
(5.3)| 18 23 9 35| (12,14)| 21 53 0 23
(5,6) | 31 39 39 4| (13,14)| 32 21 1 35
(6,7) | 100 9 47 28| (14,15) | 16 56 26 8
6,8) | 4 53 19 10

17
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Figure 4: Histogram of the Realized Path Costs (10,000 samples)

The obtained nominal shortest path is

{1,4,8,12,15}

the B-S path with I' = 2 is
{1,4,8,10,14, 15}

and the proposed robust path in this paper with I';, =2, ', = 3 is

{1,4,8,7,12,15}

The B-S path with I' = 3 is same as the one with I' = 2.

To observe the realized path costs, we randomly allocate the budget of uncertainty I'y, and T,
to u;; and v;;, not necessarily 0 or 1; instead, we allow any value between 0 and 1. The distribution
of 10,000 realized path costs for each path is presented in Figure 4. Since the most budget of
uncertainty is allocated in the links that are not part of the shortest paths, we truncated the

frequency of the smallest realized costs to observe the distirubtion better. We observe that in the
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Figure 5: Closer look to histogram of the realized path costs

nominal shortest path the distribution of the realized path costs is most widely spreaded, while it
is least widely spreaded in the proposed robust shortest path.

Since we are most interested in the worst-case scenarios in this paper, we provide a closer-look
in the long tail in Figure 5. We can clearly observe that we are not protected to the worst-case
scenarios with the single budget of uncertainty without considering the multiplicative nature of
uncertain cost coefficients. The biggest realized cost is 20,417 in the nominal shortest path, 18,950
in the B-S robust shortest path, and 16,800 in the proposed robust shortest path. A summary for
the performance measures is provided in Table 2.

However, we do not intend to overly exaggerate the performance of the proposed robust model
over the B-S robust model. First, the performance is largely dependent on the cost coefficient values,
the network structure, and the choice of the budget of uncertainty. For example, as discussed in
earlier in this paper, if we choose I' = 5 for the B-S model, it will produce a path that is more robust
than the path by the proposed robust model, although it may be too conservative. However, in
some applications, it may be unclear how to choose the combined budget of uncertainty (I") for the
multiplication of two cost coefficients, as opposed to two separated budgets of uncertainty (I";, and

I'y). We will discuss this point in depth later in this paper. Second, the performance also depends
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on what measure we use. The performance test may lead to a different result with a different
measure, for example, value-at-risk and conditional value-at-risk. Third, it is obvious that the B-S
model has better computational complexity. For this test network, the computation time for the
B-S model was 0.006 seconds, while for the proposed model it was 0.8110 seconds by the dual
variable enumeration and 1.8272 seconds by the path enumeration. Algorithms were implemented

with MATLAB and executed in a generic PC.

Table 2: Summary of path performances in the simulation

‘ Nominal Path B-S Path Proposed Path

worst-case (maximum) cost 20,417 18,950 16,800
mean cost 7,199 8,189 7,669
variance of cost 4,172,954 3,319,902 3,053,113

6 An Application to Hazardous Materials Transportation

Accidents involving hazardous materials (hazmat) are low-probability, high-consequence incidents.
While the probability of hazmat accidents is very low, the consequences can be catastrophic. The
U.S. had about 15,000 hazmat accidents in the year 1998 only 429 of which were classified as serious
accidents (Kara and Verter, 2004). There are two important facts that make hazmat problems a
proper application of the proposed robust optimization approach. First, historical data sufficient
to construct a stochastic distribution are rarely available in realistic problems. Hazmat accident
probabilities are hard to obtain because hazmat accidents, especially serious ones, are rare events.
In real routing decision-making, the accident probabilities of general traffic are used to estimate the
accident probabilities of hazmat trucks, but the two kinds of probabilities might be very different.
We cannot know if they are different or the same, due to the lack of available data. In addition, the
consequences of hazmat accidents depend on weather conditions like wind speed and direction, the
number of people present at the time of an accident, the effectiveness of evacuation, the seriousness
of the accident, etc. Therefore, the impacted number of people at a hazmat accident is very
difficult to estimate and subject to uncertainty. Again, historical data is not usually available for
consequences.

Second, the sources of the two types of data, probabilities and consequences, are different.
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Accident probabilities are obtained from organizations like the U.S. Department of Transportation
and its sub-divisions including the Pipeline and Hazardous Materials Safety Administration and
the Federal Emergency Management Agency, while consequence data may be computed based on
population information and travel pattern information available through the U.S. Census Bureau
and the U.S. Commodity Flow Survey by the U.S. Bureau of Transportation Statistics. Therefore it
is hard to determine a single budget of uncertainty for the regular approach with a single uncertain
cost vector (Bertsimas and Sim, 2003) as described in Section 2.1.

In addition, it is unclear if the two data are correlated. One might think that the congestion
level would be high in the links with high consequence level, and the accident probability is an
increasing function of the congestion level; hence there exists positive correlation between the
accident probability and the accident. However Martin (2002) observed that accident rates are
highest when traffic is lightest and lowest when traffic level is modest. It is found that the accident
rate decreases and then increases as the traffic volume increases. In light traffic, the accident rate
is higher on weekends, while it is higher on weekdays in heavy traffic. Lord et al. (2005) observed
that the relationship between accident rates and traffic flow cannot be described fully without
considering vehicle density, level of service, vehicle occupancy, volume/capacity ratio, and speed
distribution. In addition, these studies are for all vehicles, not exclusively for hazmat vehicles.
The relationship between the accident probability of hazmat vehicles and the hazmat accident
consequence is hard to study, because of lack of historical data. This indicates that it is unclear
how the uncertainty of the accident probability and the accident consequence can be modeled as a
single data type.

Although we used population data as the measure of the accident consequence for illustration
purpose in the subsequent section, depending on how the consequence is measured, the relationship
varies. In an uncongested road with low population, the accident consequence by the population
measure is small. However, if a nuclear power plant is located nearby, a hazmat accident would
bring unwanted catastrophe. Therefore, the relationship between the accident probability and the
accident consequence also depends on the measure of consequence and it is unclear what the nature
of correlation between two data is, if it exists.

Suppose that we have some estimates of hazmat accident probability and accident consequence,

denoted by p;; and c;j, respectively, in each road segment (i,j). The expected consequence of a
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hazmat truck traveling along path [ is as follows (Alp, 1995):

!
R = Z H (L = Pin i )Pir i Cinji (24)
(ik,Jk)EAL (in,Jn)EALR<K
where A4; is the set of all arcs in path [, and (i, jx) is the k-th arc in path [. The expression (24)
assumes that the shipment terminates once an accident happens in any road segment. It is noted
that accident probabilities p;; are extremely small, usually in the range of 1078 to 1079 per mile

traveled (Abkowitz and Cheng, 1988). Therefore we can approximate as

H (1 = pipjn) = 1

(in,dn)€ALR<K

Consequently, we obtain the following approximation (Jin and Batta, 1997):

Rl% Z pijcij (25)

(Zm]) E'Al

The resulting nominal problem to minimize the expected consequence is a shortest path of the form
(1).

Due to lack of data, the accident probability p;; is subject to uncertainty. In addition, the
accident consequence c;; is also hard to estimate. In many hazmat accidents, especially those
involving explosives or poisonous gas, the weather conditions are important factors (Akgun et al.,
2007). One needs to consider uncertain factors involving weather conditions to determine the safest
path in hazmat transportation. However, accurate weather conditions can be difficult to obtain
and the resulting accident consequences may be computed as interval data at best. Therefore, the
robust optimization model (3) is a natural approach to minimize the expected consequence in the

worst-case scenario in hazmat transportation.

6.1 Numerical Results

We provide numerical results of the proposed algorithms based on Albany, New York, USA and
its nearby highway network. The transportation network considered consists of 90 nodes and 150

links as presented in Figure 6.
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Figure 6: Albany Area Highway Network (90 nodes, 150 links)
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The nominal accident probabilities are computed by p;; = 107x (length of link (i,7)) as
in Abkowitz and Cheng (1988). The nominal accident consequences c¢;; are computed using the
A-neighborhood concept developed by Batta and Chiu (1988). The road length and population
statistics are obtained from Department of Transportation and Department of Commerce websites.
We generated ¢;; and d;; randomly, but in the same order as the nominal coefficients, p;; and c;;.
We used I'y, = 4 and I', = 8. While the randomly generated uncertain intervals do not represent any
real scenario, our intention is to show that considering two multiplicative uncertain cost coefficients
as a single coefficient may not capture the worst-case properly, and the robustness may not be
proportional to the single budget of uncertainty with such consideration.

We find paths from origin node 1 to destination node 12. The nominal shortest path is

NSP = {1, 70,45, 13,81, 72,73,69, 66, 67, 68, 41, 29, 30, 12}

the B-S robust shortest path with I' = 4 is

BS4 = {1,70,45,13,14, 15,81, 72, 73,63, 52, 51, 50, 49, 48, 47, 40, 41, 29, 30, 12}

the B-S robust shortest path with I' = 8 is

BS8 = {1,70,45,13, 14, 15,81, 72, 73,69, 66, 67, 68, 41, 29, 30, 12}

and the proposed robust shortest path with I', =4 and I';, = 8 is

KLB48 = {1,70,45,13,81,72,73,63,52,51, 50, 49, 48, 47, 40, 41,29, 30, 12}

(KLB is from the initials of the authors’ last names.) The Dijkstra’s algorithm for the nominal
shortest path took 0.023 seconds, and the B-S robust shortest paths with the corresponing algorithm
(Bertsimas and Sim, 2003) were obtained after 0.106 seconds and 0.105 seconds of computing time,
respectively. For the proposed robust shortest path computation, the dual variable enumeration
method took 99.765 seconds after solving 151,148 shortest path problems, and the path enumeration

method took 106.891 seconds after finding 1,344 paths. We used MATLAB at a generic PC running

24



105 (Nominal Shortest Path)

T
54
c
()
S
g 2|
i
0 . . | I I
5.10°2 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Risk
105 (Bertsimas-Sim Robust Shortest Path, I' = 4)
g4l
f=4
3
=]
g 2y
i
0 I I . I I
5.10-2 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Risk
105 (Bertsimas-Sim Robust Shortest Path, I' = 8)
54
c
()
=]
§ 2r
[
0 . . | I I
5.10°2 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Risk
105 (Proposed Robust Shortest Path)
zAr
f=4
o
3
g 2|
LT
0 . . . . .
5.10-2 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Risk

Figure 7: Histogram of the Realized Path Costs (1,000,000 samples)

Windows 7.

To test the path performances of the above four paths, we randomly allocate the budget of
uncertainty (I', = 4,T, = 8), to {u;;} and {v;;}, independently from each other. Although the
worst-case happens when {u;;} and {v;;} are binary, we allowed any value between 0 and 1 in the
simulation. We generated 1,000,000 samples and the histograms of path-costs are presented for all
four paths in Figure 7. In the simulation, we assumed the link costs are distributed uniformly within
the uncertain intervals, p;; € [pij, pij + ¢ij] and & € [cij, ¢ij + dyj]. Since the budget of uncertainty
was allocated to links that are not included in the above four paths in many realizations, the far
left path-costs in the histogram represent the nominal path-costs in the four paths. The NSP and
BS8 paths show better nominal performances than the BS4 and KLLB48 paths. However, higher
path-costs, which are of interest in the robust optimization framework, show different patterns.

To observe path performances in the long tail, we provide a closer look to the histograms in
Figure 8. The KLB48 path shows the best performance in the long-tail, which should not be a
surprise since the KLLB48 path is supposed so. One interesting observation in Figure 8 is that the

BS8 path is weak to uncertainty and its performance is even worse than the NSP and BS4 paths.
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Figure 8: Closer look to histogram of the realized path costs

Using dashed lines, we also provide the theoretical worst-case path-costs, which the KLB48 path
minimizes. The BS4 path is close to the KLB48 path in terms of the theoretical worst-case cost
(the path selections are similar), and is better than the BS8 path.

A detailed summary is provided in Table 3. To compare the worst-case performances in other
scenarios, we provide the theoretical worst-case path-costs in three cases: (1) treating two coef-
ficients as a single coefficient with I' = 4, denoted by one(I' = 4), (2) same treatment but with
I' =8, denoted by one(I' = 8), (3) two coefficients separately as proposed in this paper, denoted by
two(I',, = 4,1, = 8). While the theoretical worst-case path-costs do not differ very much among
the four paths in the first two cases, there are more significant differences in the third case. This
indicates that when more accurate robust path selection is necessary, considering two coefficients
as a single coefficient may lead to non-robust path selection. In the later part in Table 3, we pro-
vide the worst-case, mean, and variance from the simulation results, which are consistent with the
observations already explained.

We also compare the computing performance of the two proposed solution methods. We note
that the number of shortest path problems to be solved in the dual variable enumerations method

does not vary much with the parameter values, but the number of paths to be found and the number
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Table 3: Summary of theoretical worst-case path-costs and the simulation results

Nominal Path B-S Path B-S Path

Proposed Path

(T'=4) (r=8 (ry=4,T,=38)
NSP BS4 BS8 KLB48

Theoretical worst-case path-cost
one(I’ = 4)* 0.2443 0.2380 0.2428 0.2386
one(I" = 8) 0.2843 0.2828 0.2821 0.2849
two(I', = 4,T, = 8)° 04451  0.4190  0.4457 0.4185

Summary of realized path-costs (1,000,000 samples); two(I", = 4,1, = 8)

worst-case 0.3379 0.2793 0.3475 0.2697
mean 0.0714 0.1323 0.0817 0.1220
variance (X 10*4) 6.2520 2.4310 6.2840 2.4000

@ one(I") means when two cost coefficients are treated as a single cost coefficient as in the

B-S model.
b two(I'y,I'y)’” means when two cost coefficients are treated as proposed in this paper.
of linear programming problems to be solve vary significantly in the path enumeration method. For

the test purpose, we set

I',.=T,=71
Qij:0-1><7><pij fOrT:1,2,...,25

dij =01x71xX Cij

in the Albany network. As 7 increases, the intervals of uncertainty becomes bigger, and therefore
the number of paths to be found in the path enumeration method increases. Until 7 is 14, the path
enumeration method outperforms the dual variable enumeration method, but for 7 bigger than 14,
the dual variable enumeration method finds the optimal solution faster. The computation time and

the number of paths found are reported in Figure 9.

7 Conclusions

The robust shortest path problem considered in this paper has the cost coefficients as multiplica-
tions of two uncertain parameters. We have shown that the problem can be solved using a dual
variable enumeration method and a path enumeration method. While we found an application

in hazardous materials transportation, we may apply our results to any risk mitigation problems
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Figure 9: Computation Time for the Two Solution Methods

involving network-structured decision processes.

One drawback of the dual variable enumeration method is that it requires significantly more
computation time than the model of Bertsimas and Sim (2003) in large-scale networks. We con-
jecture that the objective function is quasi-convex (not strictly) in the dual variables 6, and 6,,.
If it is true, we may be able to devise a more efficient search algorithm with a smaller number
of shortest-path problems to be solved by reducing the search space on (6,,6,) and starting from
a good choice of the initial (6,,6,). We leave this as a future research topic. Other potential
extensions to this paper include robust risk minimization problem on time-dependent networks, for

which this study can provide fundamentals.
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